This paper will focus on the navigation and station keeping of one or more spacecraft around the dynamic equivalent of the Lagrange point L4 of a binary asteroid system. This location can be conveniently used by a spacecraft equipped with a small scale laser to demonstrate laser ablation as a viable asteroid deflection technology and to extract and analyse surface and subsurface material. This paper proposes an approach using optical navigation only and exploiting the knowledge of the dynamics of the secondary asteroid around the primary. Each spacecraft is equipped with only a camera, a good attitude determination and control system and an inter-satellite link that allows sharing information with other spacecraft in the formation and provides a complete spacecraft-to-spacecraft position vector.
I. Nomenclature

A
= primary asteroid A i = cross sectional area of spacecraft i a i = semi-axis along the x-axis of the body fixed frame of body i a SRP i = acceleration vector due to the solar radiation pressure (SRP) on spacecraft i B = secondary asteroid b i = semi-axis along the y-axis of the body fixed frame of body i C = camera coordinate system C i j = spherical harmonics coefficient of degree i and order j C R i = reflectivity coefficient of spacecraft i c i = semi-axis along the z-axis of the body fixed frame of body i d r = distance between two spacecraft f = generic function for dynamics f C = focal length of the camera h = generic measurement function
= mass of body i Q i j = navigation dynamics weight matrix for test case i and spacecraft j R i j = sensor weight matrix for test case i and spacecraft j I R j = rotation matrix from body-fixed frame of body j to principal reference frame r i = position vector of body i in the principal reference frame r i j = relative position vector from body i to j in the principal reference frame S SRP = solar radiation pressure at 1 AU SC = spacecraft body-fixed coordinate system t = time U i j = gravitational potential of degree i and order j u i = control vector of spacecraft i V C = pointing vector from camera to asteroid X, Y , Z = axes of the principal reference framê x i ,ŷ i ,ẑ i = axes of the body-fixed frame on body i z r = measurement vector of the relative position between the spacecraft α i = complementary angle to π of angle β i β i = angle between the pointing vector from one s/c to asteroid i and the baseline between asteroid A and B δr i j = relative position vector between body i and s/c j in the body-fixed frame of i ζ r = noise vector of the measurement z r µ i = gravitational parameter of asteroid i φ r = azimuth of the measurement vector z r ψ r = elevation of the measurement vector z r ω i = angular velocity of asteroid i
II. Introduction
Binary asteroids are systems composed of two asteroids orbiting around their common barycentre. Examples can be found in the Near Earth Object population, such as 2000 DP107, or 65803 Didymos (1996 GT), an Apollo asteroid discovered on April 11, 1996 , that is the target of the AIDA mission. Navigating in the proximity of an asteroid is in itself a challenging task due to the complex dynamics induced by the irregular gravity field of the asteroid, the gravity of the Sun and solar radiation pressure. Even more challenging is to navigate a formation of spacecraft, particularly with heterogeneous sensors. Recent work by one of the authors demonstrated the possibility to autonomously navigate a formation of spacecraft around an asteroid with a distributed fault-tolerant autonomous system [1] [2] . The complexity increases even further in the case of a binary system due the interaction between the primary and the secondary asteroid. Station keeping at the dynamic equivalent of the Lagrange points L4 and L5 of the binary system has been shown to be of particular interest to extract surface and subsurface material with laser ablation [3] . In a previous paper, the authors have already extended to the case of a binary system results on the navigation of single spacecraft and of a formation of spacecraft in the proximity of an asteroid [4] . Such work used a combination of cameras, LIDAR and the relative position vectors between the members of the formation obtained via inter-spacecraft communication (ISC). Nevertheless, the target of the cameras and LIDAR was always the primary asteroid. In this paper the authors exploit the information obtainable by the observation of both the asteroids and the knowledge of the dynamics of the system to navigate using only the cameras and the relative position between the spacecraft.
The dynamical model in the proximity of the binary system includes the gravity of the two asteroids and the Sun as well as solar radiation pressure. Each spacecraft is equipped with a camera and relative position sensor under the assumption of low power and low computational capabilities.
Two scenarios will be considered in this study: one in which a single spacecraft combines the pointing vectors to the two asteroids with the knowledge of the dynamics of the binary system to autonomously navigate. In the other a formation of two spacecraft navigate with the additional information provided by the ISC. It will be shown that the information from the cameras alone allows the formation to autonomously navigate and control their position near L4. In addition, the ISC allows for failure-tolerant navigation as it is able to compensate for degraded performances and even total loss of the camera in one of the members of the formation. Given the non-linear nature of the dynamics the paper will use an Unscented H-infinity Filter.
The paper starts with the description of the dynamics and the measurement models; it will then present the control strategy and state estimation. Results for both the single and multiple spacecraft cases are then presented followed by conclusions and further work.
III. Dynamic Model
The reference frame chosen for the simulation of the dynamical system is a non-rotating reference frame, centred in the centre of mass of the binary asteroid system (see Fig. 1 ).
Fig. 1 Reference frame for dynamics and measurement model.
In such a frame, it is assumed that the motion of the asteroids is known and consists of circular coplanar orbits with a rotation period equal to the rotation period of the system. Both of the asteroids can rotate around their respective rotation axes. A assumption is that, while the primary asteroid is considered to be a homogeneous sphere, the secondary asteroid is a homogeneous ellipsoid with semi-axes a B , b B and c B , rotating around the z-axis with angular velocity ω B [5] .
The gravity field of the secondary asteroid can be expressed as the sum of a spherical field plus a second-degree and second-order field [6] :
where δr BSc i is the relative position vector between the asteroid B and the spacecraft i in the body-fixed frame B, µ B is the asteroid gravitational constant, the harmonic coefficients C 20 and C 22 are a function of the semi-axes:
and θ B and ϕ B are the latitude and longitude angles respectively:
The conversion from the body-fixed frame to the reference frame is obtained by applying the rotation matrix:
where t indicates the time. The spacecraft is assumed to be subject to the gravitational force of the Sun, solar radiation pressure and the irregular gravity of the binary system. With r A , r B , r S and r Sc i as the position of asteroid A, asteroid B, the Sun and the i-th spacecraft respectively all in the chosen reference frame, it is possible to define r ASc i = r Sc i − r A , r BSc i = r Sc i − r B and r SSc i = r Sc i − r S as the relative position vectors from the i-th spacecraft to the asteroids A and B and the Sun. Hence, the non-linear equations of motion are:
with µ S , µ A and µ B being gravity constants of the Sun, asteroid A and B respectively. The quantity a SRP i represents the acceleration induced by the solar radiation pressure on spacecraft i, defined as:
where r SSc i is the distance of the i-th spacecraft from the Sun, A i and m Sc i are the spacecraft cross sectional area and mass respectively, C R i is the reflectivity coefficient, S SRP is the solar radiation pressure at 1 AU and r 1AU is one astronomical unit in km. The vector u = u x , u y , u z T in equation (5) is a control input, which will be defined later in Section V. If one considers a formation of N spacecraft, the vector equation (5) can be applied to each spacecraft independently and can be re-written in compact form as a system of first order differential equations:
where X = r Sc 1 , r Sc 1 , r Sc 2 , r Sc 2 , ... , r Sc N , r Sc N T is the state vector containing the position and velocity of all the spacecraft. The navigation dynamics are defined in a reference system similar to the one used for the real dynamics. The only difference is that the centre of mass of this system is located in the centre of mass of asteroid A. The reason for this difference is that such a system allows for a relative navigation with respect to the central body. The fictitious force acting on the system due to the motion of asteroid A with respect to the centre of mass of the binary system should be taken into account and the appropriate correction should be applied in the computation of the influence of the Sun. However, in binary systems where the centre of mass is located inside one of the two asteroids, it is possible to neglect these contributions for the sake of simplicity of the equations and consider them as process noises.
IV. Measurement Model
With reference to Figure 1 , it is assumed that each spacecraft is provided with the following set of sensors and measurements:
• A camera which provides the pointing unit vector to the centroid of the detected object, expressed in the principal reference frame; • Inter-spacecraft measurements, which include the relative distance vector between two spacecraft, in Cartesian coordinates. A good knowledge of the dynamics of the asteroids is assumed when computing the relative position vector between the two asteroids.
A. Camera Model
In order to develop the measurement model of the camera, two intermediate reference frames are required as shown in Figure 2 :
• Spacecraft coordinate system SC {x sc y sc z sc }: the origin of this frame lies on the centre of mass of the spacecraft, with the three symmetrical body axes defined as three coordinate axes [7] . • Camera coordinate system C {x CŷCẑC } : the centre C is the perspective projection of the camera, with the z C -axis parallel to the optical axis of the camera and directed to the centre of the asteroid. The image plane is defined as O C -x C y C . In this paper, it is assumed that the body reference frame of each spacecraft is aligned with the principal frame and the attitude is known with a level of precision corresponding to that provided by a good star tracker.
When a new image needs to be generated, first the camera is oriented along the direction that goes from the centre of the camera to the middle point between the centres of mass of the two asteroids. This is to be able to have both asteroids in the field of view. Secondly, some noise in the pointing is added according to the pointing accuracy of the attitude determination and control system and a picture is generated according to the state of the system and the illumination conditions. The picture is rotated according to the direction of the Sun, in order to have the light coming from the left of the image plane. Then, an ellipse fitting algorithm is used to compute the coordinates of the centroid of the asteroid in camera coordinates [8] . Once the location of the centroid is known, the pointing vector can be computed as:
where f C is the focal length of the camera. Finally, the pointing vector is rotated in the principal reference frame.
B. Inter-spacecraft Measurements
The inter-spacecraft measurement consists of the relative position vector between the two spacecraft in the formation, expressed in the principal reference frame. When a new measurement needs to be computed, the initial relative position vector is composed of the relative distance, local azimuth and elevation, computed in the reference frame of the sensor [9] . The observation equation is given by:
where ζ r = ζ d r ζ ϕ r ζ ψ r T is the measurement noise. The vector is then converted into a Cartesian expression and transformed in to the principal reference frame.
It is important to note that this measurement depends on the knowledge of the positions of the two spacecraft. When a new measurement is simulated, these positions are known exactly; on the other hand, when simulating the measurement during the estimation process, this information needs to be available to each spacecraft. While each spacecraft knows its own state due to the estimation process, the knowledge of the state of another member of the formation is generally unknown. There are two possible solutions: the first is that each spacecraft could estimate the states of all the members of the formation; the second one requires each spacecraft to transmit the estimation of its own state. The first method places significant computational demands on each spacecraft whereas using the second approach makes the simulated measurement depend on the reliability of the information provided by the other spacecraft. In this paper the last method is chosen.
C. Camera-based triangulation method
Once the two pointing vectors and the relative position vector are available, the resulting geometry consists of a triangle. According to Fig. 2 the spacecraft will occupy the vertex C, while the vertices A and B will be occupied by the two asteroids. The segment AB identifies the relative position vector between the two asteroids; the scalar product between the pointing vector C A and the baseline would yield the angle β A , while the one between CB and the baseline would yield β B . This yields α A = π − β A and α B = π − β B .
Once the angles α A and α B and the length of the segment AB are known, the triangle is fully determined. Trivially, the length of the segment AC can be obtained as:
Simply multiplying the value of AC with the respective pointing vector provides the relative position vector: between the spacecraft at C and the asteroid at A when one spacecraft is used; between the spacecraft at A and the asteroid at C in the other case.
It is important to notice that Eq. (10) is undetermined when the triangle degenerates. This happens in two cases: when the three vertices are aligned and when AC and BC are parallel (C at infinity). In the first case, both α A and α B are equal to zero and the ratio of the two sine functions will be undetermined; in the second case, α A = α B , then the denominator is equal to zero, making the ratio tend to infinity.
V. Control Strategy and State Estimation
The control strategy aims to keep each spacecraft orbiting on a trajectory proximal to the nominal one. Note that this is not an optimal control strategy, but it is sufficient to demonstrate the effect of the navigation algorithm. The control law is given by the simple PD controller:
where the subscripts G and N stand for guidance and navigation respectively, K P is the proportional coefficient and K D is the derivative coefficient. If the actual trajectory of the spacecraft is known, the continuous control in Eq. (11) can be introduced into the full dynamic model in Eq. (5). Here however, the trajectory is estimated by the navigation system with the actual position of the spacecraft never known exactly. The predicted estimation is used by the controller to maintain the relative formation (shown later in Section 5). Once the controller is inserted in the spacecraft dynamic model, one obtains a closed loop problem in which the control is performed together with the estimation, and the filter equations incorporate the action of the controller. During the controlled phases, it is assumed that the asteroid trajectory is precisely known; the state variables to be estimated are only those related to the spacecraft in the formation.
The state estimation process is based on the same Unscented H ∞ Filter proposed in [4] .
VI. Results
The binary asteroid system chosen as an environment for the simulations is 65803 Didymos, whose parameters are listed in Table 1 . The duration of the simulations is set to 5.4 times the orbital period of the secondary asteroid around the primary, T AB , equal to approximately 64.37 hours. For simplicity reasons, the orbital motion of the system around the Sun has been considered circular; the rotation of the secondary asteroid around the first is assumed on the same plane of the motion of the binary around the Sun. The dimensions, gravitational parameters and angular velocities are chosen according to the current knowledge of the system, with the secondary asteroid being tidally locked with respect to the first one.
Two scenarios will be presented. The first sees one spacecraft keeping its position close to the Lagrangian point L4 of the binary system. The second sees a formation of two spacecraft staying close to L4. In both scenarios, the spacecraft are equipped with one camera assumed to have a resolution of 500x500 pixels, with a field of view of 90 degrees. It is also assumed that the AOCS guarantees a pointing accuracy with standard deviation of 10 −3 rad and a new measurement is available every 5 minutes.
In the scenario with two spacecraft, the inter-satellite link provides the relative position vector between the two spacecraft. A precision of 2 m is used for the inter-spacecraft range measurement error and the angular pointing errors are set to 10 −3 rad. The trigger on the use of the relative position measurement depends on the reception time of the information from the other spacecraft. To be more precise, let's assume that spacecraft 1 takes a new optical For clarity, all the measurement errors used in the simulations are summarised in Table 2 . The mass of each spacecraft is constant and equal to 500 kg, the maximum cross section area is 20 m 2 and reflectivity coefficient C R is assumed equal to 1. The initial estimated state is always equal to the real initial state augmented by 20%.
Table 2 Sensors errors
Sensors errors 1 − σ Camera pixelisation 4 × 10 −3 rad AOCS accuracy 10 −3 rad Inter-sat pointing 10 −3 rad Inter-sat distance 2 m
In both the scenarios presented the spacecraft will be required to keep a stable trajectory close to the Lagrangian point L4 of the binary system. This point, due to the irregularities in the gravitational field of the system and the presence of the Sun (gravitational perturbation and radiation pressure) is unstable and the spacecraft is soon swept away if no control is applied. As a final remark, for all the test cases the application of the control is delayed by 2 hours, in order to allow the filters to converge.
For all the test cases, the weight matrices for the navigation dynamics, Q and the measurements, R, are reported in the form Q i j = diag(L, v) meaning that Q i j is a L × L matrix with elements on the diagonal equal to v.
A. Scenario 1: single spacecraft
In this scenario, the satellite is positioned at the Lagrangian point L4 of the binary system. Table 3 lists the different test cases analysed for this scenario. A first case, named Case 1a, is shown where no control is applied. This is to asses the effects of the perturbations on the motion of the spacecraft and the performance of the filter. In this case Q 1a = diag(6, 10 −12 ), R triangulation−1a = diag(3, 4 × 10 −4 ). Fig. 3 shows two different representations of the trajectory of the spacecraft around the Lagrangian point: the first one is depicted in the principal reference frame; the second one in a reference frame centred on the main asteroid and rotating with the binary system. As expected, the spacecraft starts spiralling away from the L4 point due to the perturbations induced by the Sun. Very useful information regarding the estimated trajectory is obtained when analysing the results shown in Fig.  4 . In fact, it can be seen that a noisy period is always followed by a relatively smooth one where the error increases. This smooth period is characterised by the absence of measurements. In order to have a measurement the illumination conditions of the two bodies must guarantee a number of illuminated pixels high enough to extract the contour of the object and fit the ellipse for the computation of the centroid. Given that the motion of the Sun is on the same plane of the motion of the two asteroids around the centre of mass of the system, roughly every half system period (6 hours) both the asteroids are in eclipse. In this case, the position and velocity errors shown are computed according to the navigation state obtained through the propagation of the last estimated state by the navigation dynamics. As soon as the eclipse finishes, new measurements are available and the estimation process resumes, leading to a reduction of the estimation error. From Fig. 4 , the average position error increases with time: this is due to the varying position of the spacecraft that drifts further and further away from L4. In fact, the further away the spacecraft is, the smaller the asteroids appear in the image and the less precise the contour extraction and ellipse fitting algorithms become. An additional source of noise is the different shape of the triangle that becomes more skewed.
In Case 1b, the spacecraft is tasked to maintain its position as close as possible to L4 and a PD controller is provided. The real and estimated trajectories are depicted in Fig. 5 together with the guidance. Note that, in the rotating frame, the guidance state is just a point that coincides with L4 and the weight matrices used in this case are still Q 1b = diag(6, 10 −12 ) and R triangulation−1b = diag(3, 4 × 10 −4 ). The effect of the controller is clearly visible; nevertheless, limited excursions are present also in this case. This is due to the non-zero error between the navigation and real states. As previously stated, after about 6 hours the spacecraft cannot see the two asteroids any more and no measurements are available. Under these conditions, the controller acts according to the comparison between the guidance and the state propagated by the navigation dynamics. Due to the finite error at the beginning of the propagation, the propagated state starts diverging from the real one. On the other hand, the control is still computed and acts on the spacecraft. The result is quite interesting. A closer look at the trajectories show that the navigation and guidance trajectories follow the same path, although with some noise. On the other hand, the controller leads the spacecraft on a different trajectory. Only when new measurements are available again does the spacecraft realise that it is off-course and correct its path. In Fig. 6 , the average position error is stable at about 10 m due to the limited excursions of the spacecraft. Nevertheless, it can be seen that bigger variations in the position error occur at the beginning and end of each eclipse phase. This can be easily attributed again to the poor illumination conditions typical of these phases.
In Case 1c, the pointing accuracy of the AOCS has been degraded to 10 −2 rad, the navigation dynamics weight matrix is still Q 1c = diag(6, 10 −12 ), while the measurement is now R triangulation−1c = diag(3, 10 −3 ). The trajectories and estimation errors are in Fig. 7 and Fig. 8 . As expected, the steady state errors are bigger than in the previous case, with values generally lower than 60 m for the position error and 2 cm/s for the velocity. Unsurprisingly, the deviations of the real trajectory when no measurements are available are bigger. In fact, the larger estimation errors lead to larger differences in the initial states of the propagation. All the results provided so far are based on the assumption that a perfect knowledge of the evolution of the binary system is available. The triangular configuration described in Section IV.C is based on the knowledge of the baseline, that is the relative position vector between the two asteroids. If the knowledge of the system is perfect, this vector is known and the only sources of uncertainty are the orientations of the pointing vectors of the targets of the camera. These depend on the AOCS accuracy and the the number of pixels of the image. However, if the knowledge of the binary system is not perfect, additional uncertainty is generated.
In Case 1d, the knowledge of the orbital elements of the orbit of the secondary asteroid with respect to the primary is biased. In particular, it is assumed that the orbit has an inclination of 3 deg and the initial position is ahead of the real one by 3 deg in true anomaly. Because of this, the measurement weight matrix is set to R triangulation−1d = diag(3, 4 × 10 −3 ), while the navigation dynamics one is set to Q 1d = diag(3, 10 −12 ), diag(3, 10 −11 ) . As expected, the performance of the estimation process is affected. From Fig. 9 it is clear that a constant bias in the knowledge of the system produces a corresponding bias in the estimation of the state of the spacecraft. This happens because the knowledge of the dynamical system not only affects the navigational dynamics but also the optical measurement itself. In fact, the orientation of the baseline used during the estimation process is the one that the spacecraft knows from the model provided: an error in this knowledge produces systematically different values of the measurement. From Fig. 10 it is possible to see that, after the transient that follows the end of an eclipse period, the filter manages to provide an estimation with a stable mean position error of about 70 m. This error component, however, cannot be compensated for and increases with the error on the knowledge of the system. It is also important to note that the results shown in this test case are based on the assumption of a constant bias in the information. A bias in the knowledge of the semi-major axis of the system, for example, would produce variable magnitude errors due to the induced difference in the orbital periods that would have a repeatability equal to the synodic period between the real and the believed motion.
B. Scenario 2: two spacecraft
In this scenario, a second spacecraft is introduced and the effects of an inter-satellite link allowing the exchange of information is assessed. In order to avoid collisions, the two spacecraft are still kept in proximity of L4 but are requested to keep their position close to two different points with some separation. Considering the motion of L4 in the non-rotating frame as a circular counter-clockwise motion around the primary asteroid, spacecraft 1 is kept around a point 8 deg behind L4, while spacecraft 2 is kept at a point 8 deg ahead of L4. These two locations have a separation of about 300 m. Table 4 contains all the test cases presented for this scenario. In the first test case, Case 2a, each of the two spacecraft is equipped with a camera and a sensor that computes the relative position. As already described in Section IV.B, the inter-satellite link allows the transmission of the estimated states within the formation. It is assumed again a good knowledge of the dynamics of the system, hence Q 2a = diag(6, 10 −12 ) and R triangulation−2a = diag(3, 4 × 10 −4 ). In addition, the weight matrix of the relative position sensor is set to R I SC−2a = diag(3, 10 −4 ). The same matrices are used for both the spacecraft. From Fig. 11 it can be noticed that the trajectories followed by the spacecraft agree with those of the previous scenarios. One difference is at the beginning when the two spacecraft are allowed to drift uncontrolled to allow the filters to converge. An additional difference in this case is that the frequency of the optical measurements is reduced to a new measurement every 10 minutes and spacecraft 2 takes measurements 5 minutes after spacecraft 1. If the frequencies are left at 5 minutes, both the spacecraft would perform the measurement at the same time and then transmit their states to the other one. Then a new estimation would occur immediately for both the spacecraft and a new optical measurement would be available after 5 minutes. This would mean that there would be two consecutive estimation processes very close in time (just the time of the transmission between the spacecraft) and then a waiting phase of roughly 5 minutes. With the reduced frequency and time shift, however, there would be a new estimation every 5 minutes: one time due to the optical measurement, the other time due to the relative position sensor. The estimation errors are reported in Fig. 12 and one can immediately note that the performances are the same for both the spacecraft, as expected. By comparing them with those obtained in Case 1b it can be seen that the results are quite similar; there might even be a small reduction of the estimation error away from the eclipse phases. On the other hand, it is clear there is a different behaviour of the covariance. What looks like a thick line is in fact a high frequency variation. This happens because of the better accuracy of the relative position sensor with respect to the camera-based one.
As in Case 1c the pointing accuracy of spacecraft 2 has been reduced to 10 −2 rad to verify whether the ISC manages to compensate. The navigation dynamics weight matrices are left unchanged while the triangulation weight matrix for spacecraft 2 is set to R triangulation−2b = diag(3, 10 −3 ) and the relative position one to R triangulation−2b = diag(3, 2 × 10 −4 ) for both the spacecraft. The trajectories are not reported for this test case because they would not differ significantly from the ones of the previous test case. The estimation outputs are reported in Fig. 13 .
It can be seen that the estimation error of spacecraft 2 is comparable to that of spacecraft 1; this is remarkable, especially comparing it to the results obtained in Case 1c (Fig. 8) when no ISC was available. This means that the additional information about the relative position between the members of the formation manages to compensate for the lower accuracy of the pointing system. As expected, the amplitude of the oscillations of the covariance for spacecraft 2 is bigger in this case due to the lower reliability of the optical measurement.
Given the satisfactory results of the previous test case it seems reasonable to think whether spacecraft 2 would be able to navigate using the ISC alone. This is tested in test case Case 2c, where the frequency of the optical measurements for spacecraft 1 is set back to 5 minutes. 
VII. Conclusion
The paper presents results on the autonomous navigation of a formation of spacecraft in the proximity of a binary asteroid system. In particular, the formation was specifically trying to maintain the position around L4 in the binary system. It has been shown that a single spacecraft can safely navigate, using optical measurements only and a good knowledge of the motion of the secondary asteroid with respect to the primary, with a position error within 30m.
When a second spacecraft is present, the inter-spacecraft communication is capable of compensating for the degraded accuracy of the pointing system and also to totally compensate the loss of the optical measurements in either one of the spacecraft.
As all of the results presented here depend on the accurate knowledge of the dynamics of the binary system, a perspective would be to set the orbital parameters of the secondary asteroid as part of the quantities estimated with the filter. A more realistic orbital and attitude motion of the binary system could also be simulated by using a mutual gravitational potential. Going even further, the coefficients of the latter could be incorporated in the estimation process itself.
Future work includes the design and use of a particle filter based on intrusive polynomial approximation via Chebyshev interpolation. Rather than propagating a handful of samples as done with the unscented transformation, the latter would be able to use a high-order expansion of an infinite set of points to estimate the dispersion of the state variables.
